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1. INTRODUCTION
Screening is of far-reaching importance in such diverse
areas as atomic, solid-state, and plasma physics, as well
as in electrochemistry, chemical thermodynamics, reac-
tion kinetics, etc. Here we show that screening is also of
special importance in random optical fields. In these
fields the relevant charges are topological rather than
electrostatic, and we find that critical points with topo-
logical charges (indices) of opposite sign display a strong
tendency to screen one another. As a result, minima are
surrounded by clouds of maxima, maxima and minima
are surrounded by clouds of saddle points, positive vorti-
ces are surrounded by negative vortices, etc. We find
that even in highly random Gaussian fields, screening is
substantially complete within a single coherence area,
and that screening in these fields is so pervasive that sta-
tionary points of the imaginary part of the wave function
screen those of the real part of the wave function, a seem-
ingly paradoxical result, since these two components of
the field are known to be statistically independent. We
note that an important consequence of screening is that it
strongly damps out all charge fluctuations, radically al-
tering the charge imbalance within a bounded region.1

In Section 2 we show with the aid of simple topological
theorems that the charge imbalance and its variance may
be easily determined from measurements made only on
the boundary of the region. We provide data for the vor-
tices and for the stationary points of the real part of the
wave function and of the intensity. We also compare the
data for the vortices with a first-principles calculation
based on Gaussian statistics. In Section 3 we present
data for the charge correlation functions of a number of
different critical points, discuss the influence of screening,
and compare our results for the vortices with a first-
principles calculation that is due to Halperin.2 In Sec-

tion 4 we develop an exact relationship between the
charge correlation function and the variance of the charge
imbalance in a bounded region and illustrate this rela-
tionship quantitatively by using our data for the vortices.
We also extend our results to arbitrary volumes in isotro-
pic spaces of higher dimension. In Section 5 we briefly
summarize our main findings. Although we concentrate
on the critical points of a Gaussian random field, screen-
ing is not restricted to these fields, and the results found
here may prove useful in such diverse areas as the
Kosterliz–Thouless transition in liquid helium3 and
Chern numbers in the quantum Hall effect.4,5

To avoid a confusing proliferation of symbols, in what
follows we consistently employ the following scheme. If
the value of some quantity for a particular realization is
denoted by (say) Q, we will denote the corresponding en-
semble average by ^Q& and the corresponding (say) two-
dimensional spatial density by Q(r). Then Q(ri)d xdy is
the contribution to Q of an element of area d xdy centered
at r 5 ri , and Q 5 **d xdy Q(r), where the integration
is over the appropriate region of the realization. If Q cor-
responds to a quantity measured along a line rather than
over an area, then in anisotropic media the direction of
measurement needs to be specified as being parallel to ei-
ther the x or the y axis. In these cases we use either Qx ,
Qy or Q (x), Q ( y) to indicate the corresponding directions.

2. TOPOLOGICAL CHARGES IN A
BOUNDED REGION
A. Vortices
The generic topological singularities in the two-
dimensional isotropic fields of interest here are the
vortices.6–8 These are isolated first-order zeros at which
the amplitude a vanishes and the phase f becomes singu-
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lar (undefined). Writing the optical field C(x, y)
5 a exp(if) 5 R(x, y) 1 iI(x, y), where R(I) is the real
(imaginary) part of the wave function, yields

f 5 arctan~I/R !, (1)

and a 5 0 implies that R 5 I 5 0 at vortex centers. Ac-
cordingly, vortices are always found at intersections of
the zero crossings ZR and ZI of R and I, and in the generic
fields of interest here the converse is also true and every
intersection of ZR and ZI houses a vortex. As vortices
are first-order zeros, in their immediate vicinity R and I
may be expanded as R(x, y) 5 Rx

0x 1 Ry
0y, I(x, y)

5 Ix
0x1 Iy

0y, where Rx
0 5 (]R/]x)x5y50 , etc., and where

we have shifted the origin to the vortex center. Taking
as the simplest example Rx

0 5 1, Ry
0 5 Ix

0 5 0, Iy
0 5 61,

we have C6 5 x 6 iy 5 r exp(6iu), so that vortices may
be either positive or negative depending on the direction
of circulation of the phase f 5 6u. The sign (61) of a
vortex is often referred to as its topological charge, since
under continuous evolution of the wave function this
quantity is conserved. (Mathematicians use the term
winding number because the phase winds by integer mul-
tiples of 2p in one circuit.)

Writing the total number of vortices within some
bounded region as N 5 N1 1 N2 , where N6 is the num-
ber of positive/negative vortices, the net charge DN
5 N1 2 N2 may be found either by directly measuring
N1 and N2 or, possibly more conveniently, by measuring
f as one walks (counterclockwise) along the boundary.
Denoting the starting point of the walk by 1 and its end
point by 2, after one complete circuit we have

DN 5
1

2p
~f2 2 f1!. (2)

In Gaussian and other charge-neutral fields, ^DN& 5 0,
where ^•& implies an ensemble average, and charge fluc-
tuations are characterized in lowest nonzero order by the
variance ^(DN)2&. In measuring this quantity, we make
use of Eq. (2), as this avoids the difficult task of explicitly
locating, characterizing, and counting all vortices within
the region of interest.

B. Stationary Points
Associated with each stationary point of a continuous
function f, such as R, I, or the intensity U 5 a2 5 R2

1 I2, is the topological (Poincaré) index, a signed integer
that is 11 for extrema (maxima and minima) and 21 for
saddle points.9,10 These integers may also be considered
as topological charges, since they are conserved under
continuous evolution of the wave function, with the net
charge (index) within some bounded region being the sum
of the indices of the stationary points contained within
the region. For these charges we can obtain the equiva-
lents of Eqs. (1) and (2) by making an exact mapping of
the stationary points of f onto the vortices of f.

We start by noting that the stationary points of f are
always located at intersections of the zero crossings Zx of
fx 5 ]f/]x and Zy of fy 5 ]f/]y. Forming the vector field
“f 5 fxx̂ 1 fyŷ, where x̂ and ŷ are unit vectors along x
and y, respectively, we have the following for the angle U
that the vectors make with the x axis:

U 5 arctan~ fy /fx!. (3)

The two-component vector field “f may thus be seen to be
completely analogous to the two-component complex opti-
cal field C, with fy replacing I and fx replacing R. This
extends to the singularities of these fields. For the phase
field f the topological charge qv of a singularity (vortex) is
given by

qv 5 sgn~Rx Iy 2 Ry Ix!, (4)

and for the singularities of the equivalent field U (the sta-
tionary points of f ), the charge qs is given by

qs 5 sgn~ fxx fyy 2 fxy fyx!, (5)

with fyx 5 fxy . In addition, just as the vortices of the
phase field f are constrained to alternate in sign along ev-
ery ZR and ZI ,11,12 the stationary points of f are con-
strained to alternate in sign (index) along every Zx and
Zy .13–15 Thus f extrema are positive U vortices and f
saddles are negative U vortices, and using the equivalent
of Eq. (2),

DN 5
1

2p
~U2 2 U1!, (6)

we may find the net charge within some bounded region
by measuring U along the boundary. In computing DN
by using Eq. (6), we take U to be a continuous function of
arc length (i.e., not folded back into the interval 0–2p).

We have used the above mapping to obtain Eq. (6),
since it provides considerable insight into the close rela-
tionship between vortices and other critical points. This
same result, however, may be obtained directly from the
properties of the index by recalling that the net index of
all critical points within a bounded region can be found
from a contour map by measuring the directions dy/d x of
contour lines that cross the boundary.9,10 Writing
dy/d x 5 2fx /fy 5 tan(U 2 p/2), we recover Eq. (3) and
hence Eq. (6).

In summary, then, we can assign a series of topological
charges to the critical points of the various fields of inter-
est here and use Eqs. (3) and (6) to obtain DN for critical
points of the phase f, the real part R of the wave function,
and the intensity U by making the following identifica-
tions: (1) For the phase we form two distinct sets of criti-
cal points. The first consists only of positive/negative
vortices with charges 11/21, and for this set we have fx
5 R, fy 5 I. The second set consists of the combined
critical points: vortices, extrema, and saddles. For this
set vortices and extrema have a charge of 11, saddles
have a charge of 21, and fx 5 fx , fy 5 fy .16 (2) For the
real (imaginary) parts of the wave function, extrema have
a charge of 11, saddles have a charge of 21, and fx
5 Rx (Ix), fy 5 Ry (Iy). (3) For the intensity, extrema
have a charge of 11, saddles have a charge of 21, and
fx 5 Ux , fy 5 Uy . Below we use these results to obtain
explicit expressions for ^(DN)2& for the different fields.

C. Boundary Walk
There exists a shortcut in the application of Eq. (6) that is
convenient for both experimental measurement and theo-
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retical calculation. From Eq. (3) it follows that at zero
crossings of fy , U 5 mp, and at zero crossings of fx ,
U 5 (m 1 1/2)p, where m is a positive/negative integer.
Accordingly, it suffices simply to count the numbers n1

(n2) of up (down) crossings of U at the zero crossings of
either fx or fy , where a given zero crossing is an up
(down) crossing of U if s 5 sgn(] U/] s) is positive (nega-
tive), with s a unit of length along the path. From Eq. (3)
it follows that for a path segment that parallels the x axis
(y axis) along which s 5 sx (s 5 sy), we have

sx~ fy! 5 sgn~ fx fxy!, sx~ fx! 5 sgn~2fyfxx!, (7a)

sy~ fy! 5 sgn~ fx fyy!, sy~ fx! 5 sgn~2fyfxy!, (7b)

where the function whose zero crossings are counted is
shown explicitly as the argument of s. Then

DN 5
1
2

Dn, (8)

with Dn 5 n1 2 n2 , and, from Eq. (8),

^~DN !2& 5 1
4 @^~Dn ~x !!2& 1 ^~Dn ~ y !!2&#. (9)

Here Dn (x) 5 n1
(x) 2 n 2

(x) , Dn ( y) 5 n1
( y) 2 n 2

( y) , and
n1/2

(x) (n1/2)(y) are the number of up/down crossings counted
along the x axis ( y axis). For reasons that will soon be-
come apparent, in writing Eq. (9) we have set
^Dn (x)Dn ( y)& 5 0.

Viewing our boundary walk as a possibly correlated
random walk in which each zero crossing of fx or fy con-
tributes either 11 or 21 to Dn and neglecting end correc-
tions, we write

^~Dn ~x !!2& 5 gx^n ~x !&, (10a)

^~Dn ~ y !!2& 5 gy^n ~ y !&, (10b)

where n (x) 5 n1
(x) 1 n2

(x) , n ( y) 5 n1
( y) 1 n2

( y) , and
gx (gy) measures the average degree of correlation be-
tween zero crossings on the x-axis ( y-axis) segments. For
no correlation we have g 5 1, and for bunching
(antibunching)17 we have g . 1 (0 , g , 1). Choosing
our bounded region to be a rectangular box of side Lx
along the x axis and side Ly along the y axis, we have

^n ~x !& 5 2n0
~x !Lx , (11a)

^n ~ y !& 5 2n0
~ y !Ly , (11b)

where n0
(x) (n0

( y)) is the average lineal number density of
zero crossings of fx or fy along the x axis ( y axis). From
Eqs. (9)–(11) we then have the following for one complete
circuit:

^~DN !2& 5
1
2 @gxn0

~x !Lx 1 gyn0
~ y !Ly#. (12)

Now the fields f, R, I, and U are all statistically sta-
tionary and isotropic, so that ^(DN)2& must be invariant
under (say) a 90° rotation of our box. This permits us to
write gxn0

(x)Lx 1 gyn0
( y)Ly 5 gxn0

(x)Ly 1 gyn0
( y)Lx , and

since Lx and Ly may be chosen arbitrarily and indepen-
dently, this implies that

gxn0
~x ! 5 gyn0

~ y ! . (13)

We emphasize that both g i 5 g i( fj) and n0
(i)

5 n0
(i)( fj) are measured along the same direction (i 5 x

or y) for the same function fj ( j 5 x or y). Since
^(DN)2& cannot, of course, depend on the choice of
i and j, we have the obvious symmetry relation-
ships: gx( fx)n0

(x)( fx) 5 gx( fy)n0
(x) ( fy) 5 gy( fx)n0

( y)( fx)
5 gy( fy)n0

( y)( fy). Since the parent field is isotropic,
invariance under interchange of x and y also yields
n0

(x)( fy) 5 n0
( y)( fx) and gx( fy)5 gy( fx). R and I may be

interchanged by passing the wave through a 90° phase
shifter (uniform glass plate). Since this history cannot
be determined from measurements made on the wave
field alone, invariance under interchange of R and
I yields for the vortices, for example, gx(R) 5 gy(R)
5 gx(I) 5 gy(I) and n0

(x)(R)5 n0
( y)(R) 5 n0

(x)(I)
5 n0

( y)(I). For simplicity, in what follows we write
g i( fj)n0

(i)( fj) 5 gn0 when there is no chance for confu-
sion. Defining P 5 2(Lx 1 Ly) as the perimeter of the
box, we obtain our final result:

^~DN !2& 5 1
4 gn0 P. (14)

As shown below by both experiment and theory, for all
the fields studied here correlations between zero crossings
are short ranged, falling to zero on length scales that are
always of the order of the transverse coherence length
Lcoh of the field. This implies that for boxes large com-
pared with a coherence area different sides of the box are
uncoupled, which provides the justification for our setting
^Dn (x)Dn ( y)& 5 0 in Eq. (9). But this also implies that
the segments Lx and Ly need not be part of the same box!
And this, in turn, implies that ^(DN)2& for a given field
can be measured or calculated simply by counting up and
down crossings along a straight line of length P that par-
allels (say) the x axis. This possibly unexpected conclu-
sion is verified by the data given below. Worth noting is
that although Eq. (14) is obtained here explicitly for a
rectangular box, in Section 4 it becomes apparent that
this form remains true also for a boundary of arbitrary
shape, provided only that all fingers and fjords have
widths and radii of curvature large compared with Lcoh .

D. Measurements of the Variance ä(DN)2‹
In curve a of Fig. 1 we plot ^(DN)2& versus P for the vor-
tices. These data were obtained by extending recent
large-scale computer simulations of an isotropic Gaussian
wave field.18,19 In this simulation the field–field autocor-
relator W(Dr) is the besinc function 2J1(aDr)/(aDr),
where J1 is a Bessel function of integer order 1 and a
5 0.2 is a constant set by the numerical parameters of
the simulation. This form for the field autocorrelator cor-
responds to scattering of coherent laser light from a uni-
formly illuminated, highly random circular sample.20

We denote the unit of length employed in the simulation
by a pixel, so that the transverse coherence length, which
is conventionally taken as the distance j1,1 to the first zero
of J1 , is Lcoh 5 19.16 pixels.

Each point in Fig. 1 is an average over 1010 indepen-
dent realizations, with each realization being constructed
from 10,000 randomly phased Fourier components. Ten
of the realizations served as controls for which DN was
determined both by direct count and by a boundary walk
using the methods of Subsection 2.C, with perfect agree-
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ment found in all cases between the two methods. For
the 24 data points shown as filled circles, DN was ob-
tained from a walk along the perimeter P of a square box,
and for the open circle at P 5 53.9Lcoh the walk was
along a line of length P that paralleled the x axis. Both
paths may be seen to yield equivalent results, in accord
with the discussion of Subsection 2.C.

The line that passes through the data points of curve a
is calculated from Eq. (14) by using g 5 0.9088, as ob-
tained from two seemingly different first-principles calcu-
lations described below. The lineal number density of
zero crossings of the real part of the wave function re-
quired in Eq. (14) has been given recently for our simula-
tion as n0(R) 5 (10p)21 5 0.0318/pixel.21 Since there
are no adjustable parameters, these data serve to verify
the theory of Subsection 2.C. The region of small P (i.e.,
small box sizes) for which Eq. (14) no longer holds and for
which the data systematically fall below the line is dis-
cussed in Section 4.

In curve b of Fig. 1, we plot ^(DN)2& versus P as mea-
sured for the stationary points of R. For display pur-
poses we have multiplied this data set by a factor of 1.5 to
improve visibility, since the points otherwise tend to over-
lap those in curve a. The (unmodified) data for the sta-
tionary points of the intensity U are displayed in curve c.
All the data for R and U were obtained by using a linear
path of length P, and as above, the lines passing through
the data points are calculated from Eq. (14). For curve b,
the data for the stationary points of R are n0

(x)(Rx)
5 A2/(10p) 5 0.0450/pixel (Ref. 21) and gx(Rx) 5 0.72,
as obtained from direct measurement of the zero-crossing
charge correlation function described in Subsection 2.F.
Corresponding data for the stationary points of U in curve

c are n0
(x)(Ux) 5 0.0724/pixel (Ref. 21) and gx(Ux)

5 1.12. Values of g for other combinations of x and y
may be obtained from the symmetry relations listed in
Subsection 2.C together with the corresponding values for
n0 given in Ref. 21.

Finally, for the combined critical points of phase—
vortices, extrema, and saddles—we have limited data ob-
tained by direct count from ten independent realizations,
each with P 5 54.3Lcoh . For these data ^(DN)2& 5 8.2
6 2.7, which, together with n0

(x)(fx) 5 (10p)21

5 0.0318/pixel,21 yields g 5 1.0 6 0.3.

E. Probability Density Function of ä(DN)2‹
The random-walk theory of Subsection 2.D implies that
for a given value of P the probability density function of
DN, P(DN), ought to approach asymptotically a Gauss-
ian with variance ^(DN)2&. To test this for the large
range of P shown in Fig. 1, we define dN 5 DN/AP,
where ^(dN)2& 5 1

4 gn0 , and write

P~dN ! 5
1

@2p^~dN !2&#1/2 exp$2~dN !2/@2^~dN !2&#%.

(15)

In Fig. 2 we compare Eq. (15) with vortex data for the 25
different values of P in curve a of Fig. 1. Plotted here
versus dN are the 25 individual histograms for DN, each
multiplied by the corresponding value of AP to preserve
normalization. As may be seen, all histograms cluster
about a single curve that is well described by Eq. (15).
(The apparent pileup of data points at dN 5 0 is an arti-
fact that is due to the finite bin size of the parent DN his-
tograms, together with the fact that 0/AP [ 0 for all P.)
Equally good or better agreement between measurement
and calculation is also obtained for R and U (these data
are not shown), and since in all cases there are no adjust-
able parameters, this agreement adds additional support
for the theory of Subsection 2.D.

F. Zero-Crossing Charge Correlation Functions
Writing n1/2(x)d x for the number of positive/negative
(up/down) zero crossings between x and x 1 d x, we have
from Eq. (8) that

DN 5
1
2 E

0

P

d x@n1~x ! 2 n2~x !#, (16)

where, as in Subsection 2.D, we take the path to be
a line of length P parallel to the x axis. Using ^n1

2&
5 ^n2

2&, ^n1(x)n1(x8)& 5 ^n2(x)n2(x8)&, ^n1(x)n2(x8)&
5 ^n2(x)n1(x8)&, etc., and defining Dn(x) 5 n1(x)
2 n2(x), we obtain

^~DN !2& 5
1
2 E

0

P

d xE
0

P

d x8^n1~x !Dn~x8!&. (17)

Defining uP(w) 5 1 if 0 < w < P and uP(w) 5 0 other-
wise, we rewrite Eq. (17) as

^~DN !2& 5
1
2 E

2`

`

d xE
2`

`

d x8 uP~x !uP~x8!^n1~x !Dn~x8!&.

(18)

Fig. 1. Variance ^(DN)2& of the topological charge imbalance:
curve a, vortices; curve b, stationary points of the real part of the
wave function; curve c, stationary points of the intensity. In
curve a the filled circles are for a square box with perimeter P,
and the open circle is for a line of length P. All data points in
curves b and c are for lines of length P. For all curves P is mea-
sured in units of the transverse coherence Lcoh . The data in
curve b are multiplied by 1.5 to prevent overlap with those of
curve a. For each data set the line is Eq. (14) with parameters
listed in Subsection 2.D.
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Changing variables by using x8 5 x 1 Dx, assuming a
stationary process for which ^n1(x)Dn(x 1 Dx)&
5 ^n1(0)Dn(Dx)&, and noting that

E
2`

`

d x uP~x !uP~x 1 Dx ! 5 ~P 2 uDxu!H~P 2 uDxu!,

(19)

where the Heaviside step function H(v) 5 1 if v > 0 and
vanishes otherwise, yield

^~DN !2& 5
1
2 E

2P

P

d~Dx !~P 2 uDxu!^n1~0 !Dn~Dx !&. (20)

Defining the signed zero-crossing charge correlation func-
tion G(Dx) by

^n1~0 !Dn~Dx !& 5 1
2 n0@d~Dx ! 1 G~Dx !#, (21)

where the factor of 1/2 arises from ^n1& 5 1
2 n0 and the

Dirac delta function d (Dx) takes explicit account of the
fact that the charge at the origin is always perfectly cor-
related with itself, we obtain

^~DN !2& 5
1
4

n0PF1 1 E
2P

P

d~Dx !G~Dx !G
2

1
4

n0E
2P

P

d~Dx !uDxuG~Dx !. (22)

If G(Dx) is short ranged, as is indeed the case, then, for
large boxes, only the term in Eq. (22) proportional to P is
important, and in the limit P ! ` we recover Eq. (14)
with

g 5 1 1 2E
0

`

d~Dx !G~Dx !. (23)

In Fig. 3 we display G(Dx/Lcoh) as measured from our
simulation for the signed zero crossings of (a) R, (b) Rx ,
and (c) Ux . As may be seen, in all cases the range of
G(Dx) is of the order of the coherence length Lcoh . For
the zero crossings of both R and Rx , G(Dx) is mostly
negative, so that adjacent crossings are anticorrelated in
sign, whereas for Ux the correlation is mostly positive.
Using the data in Figs. 3(b) and 3(c) to carry out numeri-
cally the integration in Eq. (23), we obtain the values for
gx(Rx) and gx(Ux) listed in Subsection 2.D for the sta-
tionary points of R and U. For the vortices gx(R) is ob-
tained from numerical integration of the solid curve in
Fig. 3(a), which is calculated in Subsection 2.G.

G. Gaussian Theory of G(Dx) for the Zero Crossings
of R

Returning to Eq. (21), we have

G~x2 2 x1! 5
2
n0

^n1~x1!Dn~x2!&, (24)

where the subscripts 1 and 2 now denote two different ar-
bitrary positions on the x axis. For calculations involving
Gaussian statistics, the operators n̂6 corresponding to the
individual densities n6(x) may conveniently be written as

n̂6 5 d~Ri!uRi8uH~7IiRi8!, (25)

where the subscript i implies evaluating the indicated
quantity at the point xi and R8 5 ]R/]x. As derivations
of similar operators have already been given by several
authors, we do not derive Eq. (25) but refer the interested
reader to the original literature.2,8,22–24

For isotropic Gaussian fields the probability density
function needed for calculating the expectation value in
Eq. (24) may, after implementation of the delta function
in Eq. (25), be written as

P~I1 , I2 ; R18 , R28 ! 5 PI~I1 , I2!PR~R18 , R28 !, (26)

where

PI 5 KI exp$2@a~I1
2 1 I2

2! 1 bI1I2#%, (27a)

PR 5 KR exp$2@c~R18
2 1 R28

2! 1 dR18R28#%. (27b)

As is always the case for Gaussian statistics, all statisti-
cal parameters appearing in these probability density
functions may be obtained from the autocorrelation func-
tion of the field W(Dx), and we have

Fig. 2. Probability density function P(dN) for the vortices,
where dN 5 DN/AP. The curves are calculated from Eq. (15).
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KI 5 ~2p!21DI
21/2, KR 5 ~2p!22DR

21/2,
DI 5 1 2 B2,

DR 5 ~BE 2 BF 1 D2 1 E 2 F !

3 ~2BE 2 BF 1 D2 1 E 1 F !,

a 5 ~2DI!
21, b 5 2BDI

21,

c 5 ~B2E 2 D2 2 E !~2DR!21,

d 5 ~BD2 2 B2F 1 F !DR
21,

B 5 W~Dx !, D 5 W8~Dx !,

E 5 W9~0 !, F 5 W9~Dx !. (28)

Equations (28) are obtained by using ^R1R1& 5 ^R2R2&
5 W(0) 5 1, ^R18R18& 5 ^R28R28& 5 2W9(0), ^R1R2&
5 W(Dx), ^R18R28& 5 2W9(Dx), ^R1R18& 5 ^R2R28&
5 W8(0) 5 0, and ^R1R28& 5 2^R18R2& 5 W8(Dx), where
Dx 5 x2 2 x1 , W(Dx) 5 2^R(0)R(Dx)&, W8(Dx) 5 dW/
dDx, and W9(Dx) 5 d2W/d(Dx)2, and, as in Subsection
2.D, for our simulation W(Dx) 5 2J1(aDx)/(aDx), with
a 5 0.2.

Carrying out the relatively straightforward, albeit
somewhat tedious integrations, we obtain

G~Dx ! 5 2 ~p2n0!21@~1 2 W2!W9 1 WW82#

3 ~1 2 W2!23/2 arcsin~W !, (29)

where W 5 W(Dx), W8 5 W8(Dx), and W9 5 W9(Dx).
This form for G(Dx) is plotted as G(Dx/Lcoh) in the solid
curve of Fig. 3(a), where it may be seen to be in full agree-
ment with the data. As already indicated, numerical in-
tegration of Eq. (29) for this one-dimensional zero-
crossing charge correlation function yields g 5 0.9088,
which is the value used in calculating curve a of Fig. 1.
In Section 4 we recover the same value for g from an in-
tegration over the two-dimensional vortex charge correla-
tion function C(Dx, Dy).

3. SCREENING
The average distribution of (topological) charges sur-
rounding some central charge is described by the charge
correlation function C(Dr).2 Writing N1/2(r) for the
number density of positive/negative charges and defining
N(r) 5 N1(r) 1 N2(r), DN(r) 5 N1(r) 2 N2(r), we
obtain the equivalent of Eq. (21),

^N1~0 !DN~Dr!& 5
1
2

h @d~Dr! 1 C~Dr!#, (30)

where h is the average number density of critical points,
the factor of 1/2 arises, as in Subsection 2.F, from ^N1&
5 1

2 ^N&, and the Dirac delta function d (Dr) takes explicit
account of the fact that the charge at the origin is per-
fectly correlated with itself. For a purely random distri-
bution of charges, C(Dr) 5 0. In the presence of screen-
ing, however, C(Dr) is mostly negative, and when
screening is perfect (i.e., complete),

EE
2`

`

d2~Dr !C~Dr! 5 21. (31)

Below we present measured data for C(Dr) for the vorti-
ces and for the stationary points (extrema and saddle
points) of R and of U, and we compare our data for the
vortices with a calculation that is due to Halperin.2 We
also show data for (nontopological) screening of the
maxima and the minima of R, as well as for screening of
the minima of R and the maxima of I.

As discussed in Section 2, we take the charge of a
positive/negative vortex to be its winding number 1/21
and the charge of a stationary point to be its topological
index, 11 for extrema and 21 for saddles. In Fig. 4 we
show data measured from our simulation for
2p(Dr/Lcoh)C(Dr/Lcoh) for (a) the vortices, (b) the station-
ary points of R, and (c) the stationary points of U. Simi-
lar results (not shown) were also measured for the com-

Fig. 3. Zero-crossing charge correlation function G(Dx/Lcoh) de-
fined in Eq. (21) for (a) the vortices, (b) the real part of the wave
function, and (c) the intensity. The curve in (a) is calculated
from Eq. (29).
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bined critical points of phase (vortices plus stationary
points). As the explicit locations of all critical points are
required here, the data were obtained from an average
over the ten special realizations for which these locations
are available. To minimize edge effects, in computing
C(Dr) we required the central charge to lie at least one
coherence length inside the boundary. As may be seen,
in each case C(Dr) is mostly negative, as expected for
screening. Integrating these data numerically, we find
that, within the few percent uncertainty of the measure-
ments, Eq. (31) is substantially satisfied over the range of

the plots, indicating perfect screening on the scale of a
few coherence lengths. We note that randomly permut-
ing the signs of the critical points in Fig. 4 leads in each
case to C(Dr) 5 0, as expected when screening is absent.

The dotted curve in Fig. 4(a) for the vortices is a calcu-
lation that is due to Halperin2:

C~Dr !

5 2
W~0 !W8~Dr !$W~Dr !@W8~Dr !# 2 1 W9~Dr !@1 2 W 2~Dr !#%

pW9~0 !Dr@1 2 W 2~Dr !# 2 ,

(32)

where W8(Dr) 5 dW(Dr)/d(Dr), W9(Dr) 5 d2W(Dr)/
d(Dr)2, and, once again, for our simulation W(Dr)
5 2J1(aDr)/(aDr), with a 5 0.2. As may be seen,
within the uncertainty of the data there is full agreement
between our measurements and Halperin’s theory.

In Fig. 5 we display C(Dr) for (a) screening of the
maxima and the minima of R and (b) screening of the
minima of R and the maxima of I. [Data for the extrema
of I are virtually identical to those in Fig. 5(a) and are not
shown.] Here screening is geometrical rather than topo-
logical, since the assigned charges are derived not from
topological indices but rather from the curvatures of the
functions. Accordingly, maxima have a charge of 21,
and minima have a charge of 11. Worth noting is that
these charges are not necessarily conserved and that the

Fig. 4. Critical-point screening. Shown is
2p(Dr/Lcoh)C(Dr/Lcoh) versus Dr/Lcoh for (a) the vortices, (b) the
real part of the wave function, and (c) the intensity, where the
charge correlation function C(Dr) is defined in Eq. (30). The
solid curves are drawn to aid the eye. The dotted curve in (a) is
Eq. (32), a first-principles calculation that is due to Halperin
(Ref. 2).

Fig. 5. Screening of extrema. Shown is 2p(Dr/Lcoh)C(Dr/Lcoh)
versus Dr/Lcoh for (a) all extrema of the real part R of the wave
function and (b) minima of R and maxima of the imaginary part
I of the wave function. C(Dr) is defined in Eq. (30). The solid
curves are drawn as aids to the eye.
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corresponding charge imbalance cannot be obtained sim-
ply from inspection of the boundary. Equation (14) is
therefore not applicable, and so there is no a priori ratio-
nale for screening. Nonetheless, screening is not forbid-
den, and numerical integration of the data reveals a se-
ries of damped oscillations that appear to approach 21
asymptotically, indicating that also here screening may
possibly be complete.

The data in Fig. 5(a) for the extrema of R reflect the
polycrystalline structure of these critical points,15,25

which gives rise to the well-defined alternating negative
and positive rings surrounding the central charge. These
results show that on average the local crystalline struc-
ture extends out to a radius of ; 5Lcoh . We note that
since the number density of extrema is 0.45/Lcoh

2 ,24 the
wave-field area corresponding to a radius of 5Lcoh con-
tains some 35 extrema. This surprisingly large number
provides a measure of the high degree of local crystallin-
ity that underlies the structure of this supposedly random
field.

The data in Fig. 5(b) for mutual screening of real
minima and imaginary maxima show the same kind of
structure as that in Fig. 5(a). Similar results (not
shown) were also found for other combinations of real and
imaginary stationary points. This appears paradoxical,
since although the real and imaginary parts of the wave
function are related by Hilbert transforms, it is well
known that these two components of the field are statis-
tically independent.20 Although the random superposi-
tion of two independent perfect lattices with identical lat-
tice constants might be expected to yield results similar to
those in Fig. 5(b), it is not at all clear that this should oc-
cur for the imperfect, presumably randomly positioned
small crystallites that cover approximately half the area
of R and I.15 Randomly permuting the signs of the criti-
cal points in Fig. 5 destroys all structure and leads to
C(Dr) 5 0, as expected.

4. SCREENING AND CHARGE
FLUCTUATIONS IN A BOUNDED REGION
We now close the circle by developing for a bounded area
A an exact relationship between ^(DN)2& and the first mo-
ment of C(r). Writing

DN 5 EE
A

d2r DN~r! (33)

and proceeding as in Subsection 2.F, we have

^~DN !2& 5 2EE
2`

`

d2~Dr !A~Dr!^N1~0 !DN~Dr!&,

(34)

where

A~Dr! 5 EE
2`

`

d2r uA~r!uA~r 1 Dr!, (35)

with uA(r) 5 1 inside A and uA(r) 5 0 outside. A(Dr)
has the usual interpretation as the area of overlap be-
tween A and its replica displaced by Dr and for simple
shapes is easily computed geometrically. For a rectangu-
lar box with sides Lx along x and Ly along y,

A~Dx, Dy ! 5 ~Lx 2 uDxu!~Ly 2 uDyu!

3 H~Lx 2 uDxu!H~Ly 2 uDyu!, (36)

where, as in Subsection 2.F, H(v) 5 1 for v > 0 and
H(v) 5 0 otherwise. Inserting Eq. (30) into Eq. (34), we
obtain the principal result of this section:

^~DN !2& 5 ^N& 1 hEE
2`

`

d2~Dr !A~Dr!C~Dr!, (37)

where again h is the average number density of critical
points.

We may also express ^(DN)2& in terms of the structure
factor S(k). Writing

C~Dr! 5 EE
2`

`

d2k exp~ik • Dr!S~k! (38)

and defining

Y~k! 5 EE
2`

`

d2~Dr !exp~ik • Dr!A~Dr!, (39)

where Y(k) has the simple interpretation that it is the
far-field Fraunhofer intensity diffraction pattern of an
open aperture whose size and shape is that of A,26 we
have

^~DN !2& 5 ^N& 1 hEE
2`

`

d2kY~k!S~k!. (40)

For a random collection of charges for which C(Dr)
5 0, we recover from Eq. (37) the expected result
^(DN)2& 5 ^N&. In the presence of perfect screening,
however, we obtain a completely different result. Insert-
ing Eq. (36) into Eq. (37) and assuming (1) Eq. (31) for
complete screening within an area small compared with
the size of the box and (2) that, for large Dr, C(Dr) decays
faster than 1/(Dr)3, we have, to leading order for large
boxes,

^~DN !2& 5
1
4

h@Ls
~ y !Px 1 Ls

~x !Py#, (41)

where the anisotropic screening lengths Ls
(x) , Ls

( y) are
given by

Ls
~x ! 5 22E

2`

`

d~Dy !E
2`

`

d~Dx !uDxuC~Dx, Dy !, (42a)

Ls
~ y ! 5 22E

2`

`

d~Dy !E
2`

`

d~Dx !uDyuC~Dx, Dy !, (42b)

and Px 5 2Lx , Py 5 2Ly . In the isotropic fields of inter-
est here, Ls

(x) 5 Ls
( y) 5 Ls . Transforming to polar coor-

dinates Dr and u and integrating over u, we obtain

Ls 5 28E
0

`

d~Dr !~Dr !2C~Dr !, (43)

^~DN !2& 5 1
4 hLsP. (44)

Thus the effect of screening is to cancel the dominant
^(DN)2& 5 ^N& 5 hA contribution in Eq. (37), leaving a
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residual term proportional to the perimeter P. We note
that because of the sometimes delicate nature of this can-
cellation, special care needs to be exercised in the use of
approximations. Comparing Eqs. (14) and (44), we ob-
tain the useful connection

g 5
hLs

n0
. (45)

The physical meaning of Eq. (14) now becomes clear.
Because of perfect screening, in the interior of A positive
and negative charges exactly cancel one another, so that
^(DN)2& depends only on the unscreened charges that are
located near the boundary. The area occupied by these
unscreened charges is a strip whose width is of the order
of the screening length Ls and whose length is the perim-
eter P. Multiplying this area by the number density h
yields the total average number of unscreened charges
^Nunscr&, and since C(Dx, Dy) 5 0 for unscreened
charges, we recover ^(DN)2& 5 ^Nunscr& ; hLsP from Eq.
(37).

Although derived for a rectangular box, it is now appar-
ent from its physical content that Eq. (44), and therefore
also Eq. (14), are correct for an arbitrarily shaped area
provided that all fingers and fjords have widths and radii
of curvature large compared with Ls . The results of this
section are also easily extended to higher dimensions for
any isotropic field containing signed quantities that com-
pletely screen one another. Specifically, in k dimensions

Ls 5 22E ¯E
2`

`

dk~Dr !uDriuC~Dr!, (46)

where Dri is any component of the k-dimensional vector
Dr 5 (Dr1 , Dr2 ,..., Dri ,..., Drk) and C(Dr) is assumed
to decay asymptotically faster than 1/(Dr)k11. In Eq.
(44) h is now the number density of signed quantities, and
P is the size of the boundary—the length of the perimeter
in two dimensions, the area of the surface in three dimen-
sions, etc.

Worth emphasizing is that whenever Eq. (14) is appli-
cable, so is Eq. (31), and the system will exhibit perfect
screening. The converse is not necessarily true, however,
and quantities that cannot be counted by means of a
boundary walk can still exhibit mutual screening. This
is illustrated by the data for extrema in Fig. 5. Equation
(37) holds in all cases, however, as does Eq. (44) when Eq.
(31) is applicable, so these results are of greater general-
ity than is Eq. (14).

We can quantitatively test the results of this section by
using Halperin’s form for C(Dr) for the vortices.2 We
first obtain Ls by inserting Eq. (32) into Eq. (43) and carry
out the required integration numerically. Then, using
this value for Ls together with the known exact values for
h and n0 in Eq. (45), we recover g 5 0.9088, in complete
accord with the value obtained from Eqs. (23) and (29).
We recall that this value of g is in full accord with the
data for ^(DN)2& in curve a of Fig. 1.

We also test Eq. (37) for small boxes by again using
Halperin’s form for C(Dr) for the vortices. In Fig. 6(a)
we show a comparison between theory and measurement
for values of the perimeter P between Lcoh and 12Lcoh .
For boxes whose sizes are less than the screening length,

we have ^(DN)2& ; N } P2, and in this region ^(DN)2& is
always less than the linear asymptotic prediction in Eq.
(14). In light of the small difference of 0.13 between the
asymptotic and exact forms for ^(DN)2& together with an
uncertainty of 60.05 in the data, the degree of quantita-
tive agreement between the exact theory and the mea-
surements appears reasonable, and so this agreement
adds additional support to the theory of Eq. (37). In Fig.
6(b) we plot the calculated percentage difference between
the asymptotic form in Eq. (14) and the exact form in Eq.
(37). As may be seen, this difference falls relatively
slowly as Lcoh

21 , dropping below 1% only at P ' 66Lcoh .
Even if C(Dr) is not known, the screening length Ls

can still be obtained from Eq. (45) if g, h, and n0 are avail-
able. Illustrating this procedure for the vortices ( for
which, of course, all parameters including Ls are known),
we have g from Eqs. (23) and (29), h 5 (2p)21

3 @2W (2)(0)/W(0)#, as given by Berry,8 Baranova
et al.,27 and Halperin,2 and n0 5 p21@2W (2)(0)/W(0)#1/2

from Rice,22 where W (n)(Dr) 5 dnW(Dr)/@d(Dr)#n. This
yields Ls5 2g@2W(0)/W (2)(0)#1/2. Inserting numer-
ical values appropriate to our simulation, we obtain
Ls5 0.949Lcoh .

Fig. 6. Variance ^(DN)2& of topological charge imbalance for
small square boxes with perimeter P: (a) the filled circles are
measured data, the solid curve is the exact form in Eq. (37), and
the dotted curve is the asymptotic form in Eq. (14); (b) percent
difference between the asymptotic and exact forms.
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For the stationary points of R, for which C(Dr) is not
known analytically, we have g 5 0.72 from the data of
Subsection 2.D. From Longuet-Higgins24 we have
h 5 2(3A3p)21@2W (4)(0)/W (2)(0)#, and from Ref. 21 we
have n0 5 p21@2W (4)(0)/W (2)(0)#1/2. This yields
Ls 5 (3A3g/2)@2W (2)(0)/W (4)(0)#1/2 5 0.69Lcoh for our
simulation.

For the stationary points of U, for which again C(Dr) is
not known analytically, we have g 5 1.12 from the data
of Subsection 2.D, h 5 2(0.337)@2W (2)(0)/W(0)# from
Weinberg and Halperin,28 and, to sufficient accuracy,
n0 > p21@2W (2)(0)/W(0)#1/2@2(1 1 b/8)# and b 5 21
1 W(0)W (4)(0)/@2W (2)(0)#2 from Ref. 21. Inserting nu-
merical values appropriate to our simulation, we obtain
Ls 5 0.62Lcoh .

For the combined critical points of phase, we have from
Subsection 2.D the estimate g 5 1.0. We also have h
5 @p(1 2 e)#21@2W (2)(0)/W(0)# from a recent sum rule
for these critical points14 and n0 5 (b/p)@2W (2)(0)/
W(0)#1/2 from Ref. 21. Here e arises from the relatively
small number of extrema present in the phase field,
which consists principally of phase saddles strung be-
tween vortices. For our simulation e . 1/14, and so
Ls 5 0.5Lcoh .

We note that these values for Ls are less than the ap-
parent range of C(Dr) in Figs. 4 and 5. This occurs be-
cause a given (say) positive charge is typically surrounded
by alternating rings of negative and positive charges,
with the first negative ring tending to overscreen, so that
complete charge cancellation requires only part of this
first ring.

5. SUMMARY
Topological charge fluctuations and critical-point screen-
ing in a bounded region have been discussed for the vor-
tices, as well as for the critical points of the real part of
the wave function, the intensity, and the phase. In all
cases the critical points of these fields are found to screen
one another completely. The critical points of the statis-
tically independent real and imaginary parts of the wave
function have also been found to screen one another, dem-
onstrating the ubiquitous nature of screening. It was
shown that because of this screening, charges in the inte-
rior of the region cancel one another, so that the net
charge imbalance and its fluctuations are due only to un-
screened charges near the boundary. It was also shown
that the charge imbalance of all critical points within a
bounded region can be determined from a count of signed
zero crossings on the boundary. This result opened a
highly convenient route for both measurement and calcu-
lation of the charge imbalance and its variance. A first-
principles calculation for isotropic Gaussian fields was
given for the variance of the vortex charge imbalance and
shown to be in full agreement with data from large-scale
computer simulations. An exact relationship between
the charge correlation function and the variance in a
bounded region was derived, and this too was verified by
comparison with the data.
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